Introduction
The FORTRAN file ARWV v2.f contains the modified version of the algorithmic regularization code originally written by Seppo Mikkola. It is an open source program intended to integrate a few-body problem (N 500) with high precision via the use of 'chained variables' for the coordinates and velocities of the stellar bodies. In addition to its high computational accuracy, this program includes a number of interesting features among which Post-Newtonian (PN) terms in the computation of the acceleration. The set of equations of motions is that corresponding to the pair gravitational interaction (see [1] for reference). This program has been extended by other people. P. Chassonnery and R. Capuzzo-Dolcetta, in particular, have added a relativistic recoil velocity to the merger routine, and included in the code the possibility to deal with an external, analytic, potential.
The To work, arwv.exe needs three files:
• ARCCOM2e2.CH, which lists the common variables and may not be modified except in a special case, as mentioned below;
• PARAMETERS.TXT, a set of working parameters;
• the data file INPUT.TXT, which contains the initial conditions (mass, position and velocity) for the set of N bodies.
At a chosen frequency, the code produces an output file called 100000n.dat, where n is an integer incrementing from 0 (thus, you will have 1000000.dat, 1000001.dat, etc.). These files are formatted as the original input file, with the mass, coordinates and velocity components of all the stellar bodies belonging to the system. The integration time corresponding to each data snapshot is written at the end of the file.
Input data
The file INPUT.TXT is an ASCII file which must be provided by the user. It is composed of N rows, each giving the mass m i , the cartesian coordinates x i , y i , z i , and the cartesian velocity components v i x , v i y , v i z , of every body (i = 1, 2, . . . , N ) in the system. The order in which the data are given is arbitrary, except that the first Nbh rows refer to black-holes.
At the beginning of the code execution, the coordinates and velocities of the bodies are rescaled so that the center of mass of the system is in the origin of the coordinate frame and has a zero velocity. It is worth noticing that the external gravitational field is always centered in the center of mass of the N-body system.
The input data units can be chosen by the user. One possibility is by setting in the last line of PARAMETERS.TXT (see Table 1 ) the parameter TypeOfUnits to 0, so that the units of the entries in the file INPUT.TXT are "free" as long as the universal constant of gravitation, G, is set to 1. We call these units autonomous. The major constraint is that the parameters TMAX, DeltaT, Clight and, if relevant, r D , M D , r P and M P (see Table 1 ) must be given in the same user-defined units.
If the user chooses astrophysical units, the parameter TypeOfUnits must be set to 1, and the various input data and physical parameters have to be given in solar masses (M ⊙ ), parsecs (pc) and km/s. The value of Clight is consequently ∼ 299, 792 and any value written for it inside PARAMETERS.TXT is not considered (the user must still write a dummy argument, to preserve the file format). To avoid both too large and too small numbers (with associated round-up error issues), the code will automatically converts all input data and parameters to the standard N-body units (for more details, see [2] p.7), defined as follow :
• the length unit is the initial size of the stellar system, i.e. U l = max
• the mass unit is the total mass (N bodies + diffuse matter) inside the sphere of radius U l , that is For details on the available choices see the corresponding section.
• accordingly, the unit of velocity is
Note that N-body units are a peculiar case of autonomous units.
The output data will always be provided in the same units than the input data.
Number and type of gravitating bodies

Number of stellar bodies
The number N of stellar bodies must be 2. It is also capped at NMX = 400 (see file ARCCOM2e2.CH).
Although this is not recommended, the upper limit NMX can be changed. To do so, one has first to modify the variable NMX to the wanted value in the file ARCCOM2e2.ch and the routine NotAtAllNeeded of the main file.
Then, the variable with same name NMX present in the routines ARC, Iterate2ExactTime and DIFSYAB of the main code must be modified accordingly : if the common variable NMX is (for example) multiplied by 2, then the user must also multiply the homonimous variable by 2 in the three routines indicated above.
Number of black-holes
The code discriminates the N stellar bodies into two populations : the "classic" stars and the "black-holes", these latter being the Nbh first bodies entered into the file INPUT.TXT. The motion of a classic star is governed by the standard Newtonian equations, while for black-holes a PN approximation up to 2.5 order is adopted (see [3] for details of the equations and [4] for their implementation).
The number Nbh of black-holes may range from 0 (no PN effect at all) to N (all stellar bodies are black-holes). However, Nbh greater than N will be accepted by the code and interpreted as Nbh = N.
To compute the PN terms, the code needs the value of the speed of light in the units used for the simulation. If the input data are entered in physical units (TypeOfUnits = 1), then this value is computed simultaneously at the conversion into N-body units, with:
If input data are given in autonomous units (TypeOfUnits = 0), the user must indicate in the file PARAMETERS.TXT the correct value of Clight in these units. It has to be noted that setting Clight = 0 will switch off all PN terms and effects (including the merger process, see related section), even if Nbh = 0. Doing things this way can prove a little tricky for the user : it is more straight-forward to set Nbh = 0. Note, also, that setting Clight at a very large value makes the role of PN terms negligible at a useless comptutational cost.
When removing the PN part by setting Nbh = 0, the integration proceeds much faster. On the other hand, the simulation as a whole can get utterly slow if there is any close two-body encounter, because the code cannot proceed to a merger; then, to ensure sufficient accuracy in the modelization of the binary motion, the time-steps reduce enormously and the simulation process get stuck.
Time-related parameters
Total time of integration
The input variable TMAX represents the total time over which the evolution of the system will be simulated. If TypeOfUnits = 0, its value is assumed to be in the autonomous time unit of the system. If TypeOfUnits = 1, it is considered to be given in million years (10 6 yrs).
Output interval
While computing the evolution of the system, the code uses an adaptative time-step chosen so as to ensure enough accuracy in the treatment of tight binaries (see the section about time-transformation). This time-step can be very small, so that writing down the state of the system at each step would both slow down the computation and produce an enormous amount of output files which could overflow the memory storage.
To avoid this, the user may define the output time interval, hereafter called DeltaT. If TypeOfUnits = 0, its value is assumed to be in the autonomous time unit of the system. If TypeOfUnits = 1, it is considered to be given in million years, like TMAX. It is worth noticing that DeltaT is also used for initializing the computation of the adaptative time-step.
The parameter Ixc allows the user to select the way the output is triggered. Indeed, since the optimal integration time-step is computed independently by the code, the actual integration time t is not a priori a multiple of DeltaT.
Let t 0 be the integration time at which the last output file has been produced, and t next = t 0 + DeltaT the time for the, possible, next output. If Ixc = 0, then a new output file is written as soon as the integration has gone far enough -that is when t > t next . This is the most straightforward method but, depending on the system, the actual global time interval can be much longer than the one the user asked for.
If Ixc = 2 on the other hand, the code will respect the exact output times required by integrating to t = t next . This can be slow if many outputs are required, that is if DeltaT ≪ TMAX.
A compromise between these two methods is provided by the choice Ixc = 1. In such case the code tries to keep the time interval close to the wanted DeltaT by approximating the exact output time t next with the Stumpff-Weiss method [5] . This option is often the fastest and most suitable one.
It must be noted that the setting Ixc = 0, and to a lesser extent Ixc = 1, works well only when DeltaT is reasonably small. If DeltaT is large, one may prefer the use of the slower Ixc = 2 choice. However, the notion of what "small" is depends on the specific case.
Time-transformation or regularization
In few-body systems, close approaches happen frequently. Consequently, to ensure accuracy in numerical simulations, one must regularize the strong interaction by a proper computation of coordinates and velocities (which is done by the leapfrog algorithm). Several methods exist for that purpose, which can efficiently be used, not only for the purely Newtonian few-body problem but also for other problems with external perturbations, including velocity dependent ones (in our case, external gravitational field with dynamical friction, this latter depending on the object speed). The ARWV code proposes a combination of three of them :
• the logarithmic-Hamiltonian (logH) method, proposed by Mikkola and Tanikawa (see [6] and [7] ) as well as Preto and Tremaine [8] , gives accurate trajectories for the twobody problem and also satisfactory results for perturbed two-body encounters;
• the Time-Transformed-Leapfrog (Mikkola and Aarseth [9] ), which turned out to be close to the logH-method, but, in some respects, more general;
• the auxiliary velocity algorithm, presented by Hellström and Mikkola in [10] , which is not a real regularization method, but rather a trick which allows to apply the "normal" leapfrog algorithm to a velocity-dependent acceleration.
The parameter cmet is a three-dimensional vector that determines the way these methods will be combined. cmet = (1, 0, 0) is the logarithmic-Hamiltonian, (0, 1, 0) is the Time-Transformed-Leapfrog and (0, 0, 1) corresponds to no timetransformation.
Setting cmet = (1, 0, 0) is usually the best choice, but a small value for cmet(2) may be advisable in case of star-star close encounter. If the system contains big and small bodies, one may use cmet = (1, 10 −16 , 0) instead of (1, 0, 0) : this causes smaller stepsizes when two very small bodies come close to each other. Please note that, in this case, the computational speed depends heavily on the formation of binaries !
Merging and recoil velocity
The code includes a merging procedure intended for the fusion of a black-hole binary or for the swallowing of a classic star by a black-hole (but not for collisions between two stars; this means that collisions are handled out only if at least one of the two objects is in the list of the Nbh black-holes).
The classic recipe for the merging of two bodies is that the remnant of the merger will be located at the center of mass of the previous pair (considered as the location where the collision actually happens, though the code stops the integration of the separate trajectories just before that point).
For the velocity of the remnant (or "recoil" velocity) however, there is no general consensus. For a purely Newtonian simulation, possible alternatives are giving to the remnant a null velocity or the velocity of the center of mass of the two progenitors. In the original version of ARWV, the latter choice has been done.
The code was later modified by Roberto Capuzzo-Dolcetta and Pauline Chassonnery to follow the prescription given by Lousto and Healy in [11] .
Let m 1 and m 2 be the masses of two merging black-holes. We use the convention m 1 m 2 and introduce the auxiliary variables:
Each stellar body is assumed to be auto-rotating, with a dimensionless spin α i such that |α i | 1. Two spin-related variables are :
The dimensionless spin of each of the N bodies can be generated randomly at the beginning of the simulation, or read from a separated file. The latter is best for reproductibility purpose, but need the user to provide a file named SPIN.TXT, formatted as N rows containing each the three coordinates of the spin of one body. The user must also uncomment, in the main routine of the code, the part from line 157 to 182 included, i.e. the section "SET INITIAL SPINS".
The recoil velocity is finally given by:
where e 1 is the unit vector pointing from m 1 to m 2 and e 2 an orthogonal unit vector in the two-body orbital plane, such that the basis formed by e 1 , e 2 and the orbital angular momentum of the pair is direct.
The values of ξ, v m and v ⊥ are given by the following fitting formulas to numerical data:
where the subscript || denotes the projection of vectors along the direction of the orbital angular momentum of the pair. The numerical values of the different constants above are given in [11] . Note that A, B, C and H are given in km/s and must be converted into the units used for the simulation. This is done automatically by the code, no matter the value of TypeOfUnits (unless Nbh = 0 and/or Clight = 0, in which cases PN terms are switched off and mergers are not permitted).
External gravitational fields
This code allows the user to add to the simulated stellar system an external regular and spherical distribution of matter, accounting for its gravitation field and dynamical friction over the N bodies.
The code allows two possible density profiles for the external field : a Dehnen profile [12] and/or a Plummer profile [13] . The user may activate either of these by setting to "yes" the corresponding option DehnenYes and/or PlummerYes (the two options can be activated at once, to get a superposition of the two density profiles).
The matter distribution is defined by its total mass (parameter M D or M P ) and its scale radius (parameter r D or r P ). These two values may be given either in M ⊙ and parsec (option TypeOfUnits = 1) or in the same autonomous units than the other input data (option TypeOfUnits = 0). For the Dehnen profile, the user also needs to define a central slope (parameter γ D ), whose value must be 0 γ D < 5/2.
The spherical matter distribution acts over the N objects by mean of its gravitational field and dynamical friction braking.
The dynamical friction (df) effect is taken into account via a deceleration term in the classical Chandrasekhar's form in local approximation [14] 1 : its magnitude depends upon a proper average of the velocity dispersion of the particles composing the regular matter distribution. For a Plummer profile, the average velocity dispersion is :
For a Dehnen profile, the formula for the gravitational energy converges only if γ D < 5/2, to give the following expression :
Then, for the superposition of a Dehnen and a Plummer profile, the global mass-averaged velocity dispersion is:
Initial virial ratio
A physical system is said to be in virial equilibrium if the second derivativeÏ of its polar moment of inertia is null, at least on average. Let K denote the kinetic energy of a system and Ω its potential energy. We can show thatÏ/2 = 2K + Ω (see [2] , chapter 9 for proof). Calling "virial ratio" the quantity Q = 2K/|Ω|, the condition Ï = 0 is equivalent to Q = 1.
When studying systems embedded in a regular mass distribution, the gravitational attraction exerted by the regular field is, generally, non negligible and deserves to be included in the computation of the total potential energy Ω of the system.
Let Q 0 denote the virial ratio corresponding to the input data given by the user (file INPUT.TXT). If the parameter VirialYes (in the file PARAMETERS.TXT) is set to "yes", then the code rescales the system's velocities so that the virial ratio gets the value Q assigned by the user in the PARAMETERS.TXT file. This is, simply, done by multiplying the velocities of all the stellar bodies by Q/Q 0 .
Keplerian orbital elements
An interesting case of N-body system are systems where small bodies (stars as well as black-holes) are moving around a massive rotating black-hole. Most of the small bodies can then be considered as orbiting around the central one in a binary relationship (like the planets around the Sun). In this case, the user may be more interested in the characteristics of these binaryorbits (semi-major axis, eccentricity, period...) than by the raw coordinates and velocities of each body.
The user may thus place the data of the massive blackhole in the first line of the file INPUT.TXT and activate the binary motion analysis by setting to "yes" the option ComputeOrbitalElements in the parameters file.
In PN theory, the characteristic variables of a binary motion, or orbital elements, depend on the spin of the two members of the binary. If we assume a large unbalance between the masses, the spin of the small body can be neglected and the code only require the spin of the massive black-hole. This (dimensionless) spin α 1 has already been defined, since it is necessary to compute the recoil velocity (see related section). We recall here that this spin can be defined via a file SPIN.TXT provided by the user, or randomly generated by the code at its initialization. It must have a norm less than 1 and, unless the spin of the other bodies which are constant, it will evolve along the computation.
At each output time, the code will compute the value of the orbital elements for all pairs (m 1 , m j ) 1<j N and save them in separate files numbered from 71 to 76 :
• file 71.dat contains the semi-major axis a of each pair at each output time,
• file 72.dat contains the eccentricity, e, of each pair,
• file 73.dat contains the inclination i (or vertical tilt of the orbital plane with respect to the reference plane,
• file 74.dat contains the longitude of the ascending node Ω (or orientation of the orbital plane with respect to the reference frame's vernal point),
• file 75.dat contains the argument of periapsis ω (or orientation of the ellipse in the orbital plane),
• file 76.dat contains the time, the current spin α 1 (t) of the first body, and the absolute variation of the norm of this spin (i.e. α 1 (t) − α 1 (0)).
Miscellanous
Tolerance
The parameter tolerance sets the integration accuracy in the routine DIFSYAB. A small value is suggested, but not less than 10 −14 (if tolerance is smaller, the code sets it at 10 −14 ). Of course, the code is faster when requiring low accuracy, but it must be remembered that ARWV is designed to conduct highly accurate simulations.
Softening
The parameter soft allows the user to smooth the straight 1/r Newtonian potential with one of the form 1/ r 2 + soft 2 . To have a purely Newtonian interaction this parameter must be set to 0.
